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We employ a type number formula from the theory of quatemion algebras 
to gain information on the 2-part of the class numbers of imaginary quadratic 
number fields whose discriminants are divisible by three or fewer prime numbers. 
1. INTR~DUC~~N 
In [7], a formula is given for the type number of Eichler orders in a 
positive defhtite quaternion algebra % over Q, the field of rational numbers, 
(Section 2). The type number depends in part on the class numbers of 
certain imaginary quadratic fields K with Q C KC 9L Conversely, the 
formula gives relations that must exist between the class numbers of 
certain imaginary quadratic fields. We use these relations to gain informa- 
tion (Section 3) on the 2-part of the class numbers of imaginary quadratic 
number fields whose discriminants are divisible by three or fewer prime 
numbers. In Section 2 we state the type number formula. 
2. THE TYPE NUMBER FORMULA 
Let 9l be a quaternion division algebra over Q, i.e., a central simple 
division algebra of dimension 4 over Q. Denote by R the field of real 
numbers and by Q, the field of p-adic numbers for a (finite) prime p (of Q). 
‘?X is said to be positive definite if ‘8 & Iw is Hamilton’s quaternions. 
A prime p is said to ramify in 2I if a, = ‘% O. Qp is a division algebra 
over Q, and is said to split in VI if ‘u, is the algebra of 2 x 2 matrices over 
Q 9’ 
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A subring 0 of ?I is called an order of 2l if (1) 1 E 0 arid’(2) there exists 
a basis ol, w2, wSJ w4 of % over Q such that 0 = Zw, + a*- + Zw, , 
where Z denotes the rational integers. 
Henceforth, assume that % is a positive definite quaternion algebra over 
Q. The number of (finite) primes of Q that ramify in ZI is finite and odd. 
Further 9l is determined (up to isomorphism) by its set of ramified primes 
and conversely for each finite set of distinct primes {pl ,..., pe,) with e’ odd 
there exists a unique positive definite quaternion algebra whose ramified 
primes are the p1 ,..., per (see 131). 
Let 2I be as above and let q1 = PI **- pe’ be the product of its ramified 
primes. Let q2 be a finite product (possibly empty in which case q2 = 1) of 
distinct primes subject only to the restriction that (ql, q2) = 1. An order 
Q of 9X is called an Eichler order of level qlqa if and only if 
8, = 0 &Z, is a maximal order of ‘91z, for all p I’ q2 . 
(2) 0, is isomorphic (over Z,) to ($E 2) for p j q2 , 
9 
Here Z, denotes the p-adic integers. Eichler orders exist and are not 
unique (see [4,7]). The Eichler orders of level q,l are just the maximal 
orders of 2l. 
The type number Tp,,g, of Eichler orders of level qlq2 in ‘% is the number 
of isomorphism classes of Eichler orders of level qrq2 in 5X. It is finite and is 
given by 
THEOREM. Let 2l be a positive definite quaternion algebra over Q. Let 
qlq2 be as above. Then the type number T,,,,, of Eichler orders of level q1q2 
in Cu is given by 
where 
and tql.qz is given by: 
(4 q1 even, 42 odd; 
t q1,q2 = z. 2-n(m)-o(na~-1S(-m) h(-m), 
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where 
u(m) = 0, ifm = 2,3(mod4) 
= 1 ifm s 1 (mod 4). 
W 41 odd, q2 odd; 
t QI.QZ = H-3) + c 2++7(+q-m) h(-nt), 
m>3 
where 
T(m) = 1, ifm = 1 (mod4) 
zrz -1, if m = 3 (mod 8) 
zcz 0, if m E 7 (mod 8). 
(4 q1 odd, q2 even; 
t u1-a2 = II0 2- Acm)-orno-lg(-~) h(-m) + @‘(-3) 
+ C 2-*(n+-1S’(-m) h(-m) 
m =7w 
+ c 3 * 2-A(nz)-18’(-m) h(-m) 
m=3(8) 
m>3 
where 
c(m) = 0, if tn = 2,3 (mod 4) 
= 1, if m = 1 (mod 4). 
The notation used in the theorem is: e is the number of primes dividing 
q1q2 ; (a/p) is the Kronecker symbol; A(m) is the number of primes dividing 
m; 
8(-m) = 1, if m 1 qlqa and 
r-w-( Nal 
(1 + ( d’,m))) z 0 
= 0, otherwise, 
S/(-m) = 1, if m 1 qlqz and 
w-( 81a1 d(pm) ) J-Iz (1 + ( d(pm) ) f 0 
P52 
= 0, otherwise; 
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A(--m) is the discriminant of Q(--+rW)/Q; h(-m) is the class number of 
Q(-ml/“). 
Proof. This is [7, Theorem B]. 
Remark. To each pair of positive integers q, , q2 subject to the restric- 
tions: 
(1) q1 and q2 are square free, 
(2) (41 > 92) = 1, 
(3) the number of primes dividing q1 is odd, 
we have a formula for TO1,q8 involving h(-m) for m j qlq2 . If m = qlq2, 
then 6(-m) = 1 and so h( -q1q2) always appears in the formula for 
T, * Thus if m = p1 ***pe with the ps distinct primes, h(-m) occurs as 
th: kt term in 2e-1 different formulas for Tul,a, with qlq2 = m. The fact 
that the type number is an integer and that the coefficients of h(-m) in the 
type number formula are negative powers of 2 yields some information on 
the 2-part of the class number. 
3. THE ~-PART OF THE CLASS NUMBER 
The following propositions give some information on the 2-part of the 
class numbers of imaginary quadratic number fields with discriminants 
having three or fewer prime divisors. The proofs of all the propositions are 
straightforward and elementary (using only quadratic reciprocity) once one 
chooses a suitable type number formula. For proofs we give only the type 
number formula employed. 
PROPOSITION 1. If p is a prime number > 3, we have the following 
relations for h( -p): 
p s l(4) e- h(-p) = O(4), if p = l(8) 
- 2(4), if p = 5(S), (1) 
p s 3(4) 2 h(-p) = l(2) (2) 
Proof. Use T,,, for (1) and (2) with p E 7(8). Use T,,, - TV,2 for (2) 
withp = 3(S). 
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PROPOSITION 2. If p is a prime number 3 5, we have the following 
relations for h(-2p): 
p = l(8) 3 h(-p) + h(-2p) = O(8), if p = l(16) 
= 4(8), if p = 9(16). 
(3) 
In particular, h(-2p) = U(4). 
p E 3(8) * 2h(-p) + h(-2p) = O(8), if p = 3(16) 
E 4(8), if p = ll(16) 
(4) 
In particular, h(-2p) E 2(4) 
p = 5(8) 3 h(-p) + h(-2p) = O(8), if p = 13(16) 
= 4(8), if p = 5(16). 
(5) 
In particular, h( -2p) = 2(4) 
p E 7(8) * h(-2p) = O(8), if p = 15(16) 
= 4(8), if p = 7(16). 
(6) 
Proof: Use T,,, for (5) and T,,, for the others. 
Remark. The results of Proposition 2 are equivalent to those in 
Hasse’s paper [S]. In fact for a prime p = l(8), Barrucand and Cohn [l] 
determine when h(-p) = O(S), Hasse [5] determines when h(-2p) = 
O(8), and (3) above relates h(-p) to h(-2p). In this regard [l, 51, and (3) 
are related as follows: Any two of [l, 51, or (3) easily implies the third. 
PROPOSITION 3. If p is a prime number 3 5, we have the following 
relations for h( - 3~): 
p 3 l(12) G- h(-3p) = O(4), (7) 
p = 5(12) => h(-3p) = 2(4), 03) 
p = 7(12) * h(-3p) E 4(8), (9) 
p = ll(12) z- h(-3p) = O(8), if p E 23(24) 
= 4(S), if p = ll(24). (10) 
Proof. Use T9,@ for (10) and Tp,3 for (9). For (7) use TBB,l - Tp,8 if 
p E l(24) and T,,, if p s 13(24). For (8) use T2,3p - T,,,, if p = 17(24) 
and T3,9 ifp = 5(24). 
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PROPOSITION 4. If p and q are distinct primes both 3 5, we have the 
following relations for h(-pq): 
p = l(4), q E l(4) and (p/q) = fl * h(-pq) = O(S), (11) 
p =_ l(4), q = l(4) 
and 
(p/q).= - 1 2 N-p4 = 069, t f  pq = W 
= 4(8), if py = 5(8), (12) 
p = l(4), q = 3(4) and (p/q) = + 1 3 h( -pq) 3 O(4), (13) 
p = l(4), q = 3(4) and (P/q) = - 1 * h(-pq) = 2(4), (14) 
p = 3(4), q = 3(4) 
and 
(P/4) = + 1 3 h(-pq) = O(8), [f q = 7(8) 
E 4(8), if q = 3(8). (15) 
Proof: Use T,,, for (11) and T,,, for (12) and (15). (13) and (14) are 
more complicated. 
For (13): use T,,,., - TD,aa if p = l(8), q =z 3(8); use T2,1,Q - T,,,, if 
p = 5(8), q = 7(8); and use T,,, ifpq = 7(8). 
For (14): use TzSVQ - TQ,29 if p E l(8), q = 3(8); use T,,,,, - Tu,29 if 
p = 5(8), q 3 7(8); and use T4,p ifpq = 7(8). 
Remark. The results (13) and (14) are contained in Hasse’s paper [6]. 
In the case (13), Hasse geins information as to when h(-pq) = O(8). This 
may be related to information we get in Proposition 5. 
PROPOSITION 5. Ifp and q are distinct primes > 3, we have the following 
relations for h(-2pq): 
p = l(8) 
q = l(8) 3 h(-pq) + h(-2pq) = 0(16), (16) 
(P/4) = +1 
p = l(8) 
4 7 3@) * W-p) + 24-m) + A(--2pq) 
(P/4) = + 1 
~ 
I 
0(16), ifp = l(16) 
8(16), ifp = 9(16), (18) 
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p = l(8) 
q = VI 3 W-P) + 2h(-pq) + h(-2pq) 
(PM = -1 1 
jW6), Q-q = 3(16) 
= t8(16), ifq = 11(16), 
p = l(8) 
4 = 5(8) 
(P/d = +1 
* 2N-2~) + N-pq) + h(-2pq) = O(J6), 
p = l(8) 
4 = 5(8) 5 2M--2~) + h(-pq) + h(-2pq) 
(p/q) = -1 1 
E 
I 
@16), ifpq = 13(16) 
8(16), ifpq E 5(16), 
p = l(8) 
q = 7(8) G- h(-2pq) s 0(16), 
(P/4) = +1 I 
p = l(8) 
q = 7(8) 0(16), ifpq = 15(16) 
(P/4) = -1 
* h(-2Pd = 1 8( 16), ifpq = 7(16), 
p = 3(8) 
q = 3(8) s- 2Y--2~) + 24--2q) + h(-pq) + h(-2pq) 
(p/q) = +1 
(19) 
(20) 
(21) 
(22) 
(23) 
= 406) ifq = 11(16) 
- 12(16) ifq = 3(16), (24) 
p = 3(8) 
q = W) * 44-p) + 2h(--2q) + h(--2pq) 
(p/q) = +1 
= 4(16), 
I 
ifp = 11(16) orp = 3 
- 12(16), ifp = 3(16),p # 3, (25) 
p = 3(8) 
q = 5(8) * 4N-P) + 2N--24) + h(-2pq) 
(P/4) = -1 I 
4(16), ifq = 5(16),p # 3 
= 
or ifq = 13(16),p = 3 
12(16), ifq = 13(16),p # 3, (26) 
or ifq E 5(16), p = 3, 
p = 3(8) 
q = 7(8) 3 h(-pq) + h(-2pq) = 0(16), 
(P/4) = +1 ! 
(27) 
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p = 3(8) 
q = 7(8) 
I 
a h(-pq) + h(-2pq) 3 1;;;;;; ;;; z ;$;; (28) 
(P/4) = -1 
p = 5(8) 
q = 5(8) 2 2h(-p) + 2h(--2q) + h(-pq) + M-&q) 
(P/4) = ‘1 
_ 4(16), 
! 
ifp = 5(16) 
- 12(16), ifp s+ 13(16), (29 
p z 5(8) 
q = 5(8) * 2h(-q) + 2h(--2~) + A(-pq) + A(-2pq) 
(P/4) = --1 
_ (4(16)7 ifp = 5(16) 
= {12(16), ifp = 13(16), (30) 
p = 5(8) 
q = 7(8) (31) 
(P/4) = +1 
p = 5(8) 
q = 7(8) 
(P/4) = --I i 
3 2&d + h(-2pq) = [$;;: $; z ;$;,’ (32) 
p = 7(S) 
q = 7(8) 
! (P/4) = +1 
COROLLARY. If p and q are distinct odd primes, then h(-2pq) = 4(8) 
in the cases: 
p = 3(8), q E 5(8); p = 5(8), q = 5(8); 
p = l(8), q E 3 or 5(8) and (p/q) = - 1; 
q = 7(8), p = 3 or 5(8) and (p/q) = - 1; 
h(-2pq) = O(8) in all other cases. 
Proof of Corollary. The Corollary follows immediately from Proposi- 
tion 5 by employing the previous propositions. 
Remark. The results given in the Corollary are no better (and at times 
worse) than those given by the methods of [8]. 
Proof of Proposition 5. Use T,,,., for W), Wh (2% (2% (2% W, 
and (32). Use T2.89 for (17), (19), (21), (23), (25), (27), (31), and (33). Use 
T p.PQ for (241, (2% and (30). 
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PROPOSITION 6. If p, q, and r are distinct odd primes such that pqr 3 
7(8), we have: If not alp, q, r are E 3(4), then 
A(-mr) = W), if (p/q) + (p/r) + (q/r) > 0 
= 4(8), if (p/q) + (p/r> + (q/r> < 0. 
(34) 
If allp, q, r are E 3(4), then 
N-w) = 4(8), if ((p/q), (p/r), (q/r)) = 0, - 1, 0 or (- 1, 1, - 1) 
= O(8), otherwise (35) 
Proof. Consider TN,.,I and apply Propositions I, 3, and 4. 
Remark 1. Our results in Proposition 6 are no better than those 
obtained by the methods of [8]. 
Remark 2. To complete our study of the 2-part of class numbers of 
imaginary quadratic fields with three or fewer prime divisors, we should 
consider h(-pqr) with pqr = 3(8). However, in this case our methods 
became much more involved (e.g., we would have to consider formulas 
of the type L,,, - G,,, r ) and our results again would be no better than 
those given by [8], so we have not considered this case. 
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